Mathematica 11.3 Integration Test Results

Test results for the 227 problems in "5.2.2 (d x)*m (a+b arccos(c
X)) n.m"

Problem 30: Result more than twice size of optimal antiderivative.
JAr‘cCos [ax]3

4

dx
X

Optimal (type 4, 192 leaves, 14 steps):

a?ArcCos[ax] av1-a2x? ArcCos[ax]? ArcCos[ax]?
+

X 2 x? 3 x3
i a®ArcCos[ax]?ArcTan|e!Arccosiaxl] ;33 ApcTanh [m} +
ia® ArcCos[ax] Polylog|2, -i efArecesiaxl | _j a3 ArcCos[a x] Polylog|2, i e*Arecosiax]] _
a®Polylog|3, - i elArccesiaxi] ;. a3 polylog[3, i e*Arccosiax]]

Result (type 4, 509 leaves):
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1 1
ArcCos[ax]? Log[Cos |~ ArcCos[ax] | - Sin[~ ArcCos[ax]]] -
2 2

1 1
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1 1
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2 2
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2 Polylog [3’ _j elArcCos[ax] ] + 2 PolylLog [3) i el ArcCos[ax] ]
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Problem 39: Result more than twice size of optimal antiderivative.

dx
2

JAr‘cCos [ax]*

X

Optimal (type 4, 176 leaves, 11 steps):

ArcCos[a x]* .
_ArcCosfax]” 8 i aArcCos[ax]>ArcTan|e!Arecosax]]
X
12 i aArcCos[ax]? Polylog|[2, i e!Arceslax]] 12 i a ArcCos[a x]? Polylog[2, i eArccosiax)]
24 aArcCos [ax] Polylog[3, -1 e'Arcsl2x]| ; 24 a ArcCos [a x] PolylLog|3, i e!Arccosiax]] _

24 i aPolylog[4, -ie*Areceslaxl]| 24} aPolylog|4, i e*Arccos(ax] ]

Result (type 4, 549 leaves):
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2

1 . ‘

77.1.3 LOg[lJr i elAPCCOS[aX]} _ 37T2 APCCOS[aX} Log[l L1 (EJLAPCCOS[BX]} +

2

6 71 ArcCos[ax]? Log[1+ i etArccosiaxl] _ 4 ArcCos[ax]® Log[1 + i etArccosaxi]

1 1 .

= 7% Log[Tan[ = (m+2ArcCos[ax]) || +121iArcCos[ax]?PolyLog[2, -i e *ArcCoslax]] ,

2 4

3i (m-4ArcCos[ax]) Polylog|2, i e *ArcCoslaxl] 4 3 52 polylog[2, —i el Arccosiaxl] _

12 i 7w ArcCos [ax] Polylog |2, -i e!Arcceslaxl ] 4 12 i ArcCos[ax]? Polylog[2, - i e*Arecoslax]]
24 ArcCos[a x] Polylog|3, -1ie *ArCeslaxl] _ 12 npolylog|3, i e *ArcCosiaxl]
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Problem 41: Result more than twice size of optimal antiderivative.

4

JAr‘cCos [aXx]

4

dx
X

Optimal (type 4, 304 leaves, 19 steps):
2a%ArcCos[ax]? 2a+V1-a?x? ArcCos[ax]® ArcCos[ax]?
N _

X 3 x2 3 x3

. 4 .
8 i a® ArcCos [a x] ArcTan[e*Arecos(axl | _ — j a3 ArcCos [a x] > ArcTan et Arecos(ax) |

41 a’Polylog|2, i e Arceslaxl] 2§ a® ArcCos [a x]? Polylog[2, - i e'Arccosiax]| _

41 a®Polylog|2, i e'Arcces@xI] _ 2 j a® ArcCos[a x]? Polylog[2, i etArccosiax]]

4 a® ArcCos[a x] Polylog|3, - i e*AreCosaxl] 4 433 ArcCos [ax] Polylog|3, i e*Arccosax)|
4ia%Polylog[4, - i eiAreCosiaxI] | 44 a® Polylog[4, i e!Arecosiax] |

Result (type 4, 1475 leaves):
ad |- 1 ArcCos[ax]? (12 +ArcCos[ax]?) +
6

4 (ArcCos[ax] <Log[1 - i etArccoslaxl] _og[1 + i etArcCos(ax]] )+
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17T3 Log[Co‘c[1
8 2

Vs
— - ArcCos[ax]
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ArcCos[ax]* Sin[iAr‘cCos [aX] ]
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/

1
(712 ArcCos[ax]2Sin[ = ArcCos[ax] | - ArcCos[ax]*Sin[ = ArcCos[ax] ]
2 2

1 1
Cos |~ ArcCos[ax] | + Sln[g ArcCos [ax] | )

[6
1
(12ArcCos[ax]zsin[—Ar'cCos[ax}] + ArcCos [ax]*Sin[ = ArcCos[ax] | /
2 2
1 1
(6 Cos |~ ArcCos[ax] | —Sin[—Ar‘cCos[ax]]))}
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Problem 121: Unable to integrate problem.

J(b x)" ArcCos [a x]? dx

Optimal (type 5, 150 leaves, 2 steps):
(bx) 1™ ArcCos [ax]2 ) 2a (bx)*"ArcCos[ax] Hyper‘geometr‘icZFl[i, Z*T’", 4*7’", a? x?] )
b(1+m> b2(1+m) <2+m)
(2 a? (bx>3”" Hyper‘geometr‘icPFQ[{l, z+ E, i+ T}) {2+, E+ m}, a? xz})/
2 2 2 2 2 2 2

(b3 (1+m) (2+m) (3+m))
Result (type 8, 14 leaves):

J(b x)" ArcCos [a x]? dx

Problem 157: Result more than twice size of optimal antiderivative.

(a+bArcCos[cx] )3

| E—

Optimal (type 4, 151 leaves, 9steps):

dx

b ArcC ’ .
(2 +bArcCos [cx]) -6ibc (a+bArcCos(cx])?ArcTan[e!Arecosiex]]

X
61b?c (a+bArcCos[cx]) PolyLog[2, -1 e*Arccoslex]]

6ib’c (a+bArcCos[cx]) PolyLog|2, i e*Arccoslex]]
6 b c Polylog|3, -1 e'Arcesiex]] , 6 b3 c Polylog[3, i e!Arccosiex]]

Result (type 4, 308 leaves):
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3

a® 3a’bArcCos[cx
-—- [ ]—3a2bcLog[x]+3a2bcLog[1+x/1—c2x2]+

X X

ArcCos [c x]?

3ab’c [ +2 (ArcCos[cx] (Log[1-1i e'Arecoslex)] _Log[1+i etArecosiex])

cX
i (PolyLog[Z, _j @lArcCos(c x]] _ PolyLog[z, i @l ArcCos[cx] ] ) ) ] n

ArcCos[c x]3 . .
b3 c [—H+3 (ArcCos[cx]? (Log[1-1i e ArCoslcx]] _Log[1+i e!ArcCosiex] )
cx

2i ArcCos[c x] (Polylog|2, -1 e'Ameslex]| _polylog|2, i e!Arcosicx]]) -

2 (Po]_yLog[_’-;, _j e@lArcCos[cx] ] _ PolyLog[3, i el ArcCos[cx] ] ) >

Problem 203: Result unnecessarily involves imaginary or complex numbers.
J(d x)*’? (a+bArcCos[cx]) dx

Optimal (type 4, 120leaves, 5steps):
206bd2~/dx V1-c2x2 4b (dx)”?V1-c?x?

147 c3 49 ¢

+

2 (dx)7'2 (a+ b ArcCos [c x]) 20 b d*/2 EllipticF [ArcSin]| cﬁdx ], -1]

+
7d 147 c7/?

Result (type 4, 158 leaves):
1

147 3 /1 -c?2 x?

2d>+vdx [-10b+4bc?x?+6bc*x*+21acdx3/1-c?x? +21bc3x3/1-c?x® ArcCos[cx] +

1
. 1 . . , . \ e
10ib [1- - /x EllipticF[i ArcSinh| ~ ], -1]
1
C

Problem 204: Result unnecessarily involves imaginary or complex numbers.

J(d x)>? (a+bArcCos[cx]) dx

Optimal (type 4, 124 leaves, 7 steps):
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4b (dx)*?+/1-c2x? 2 (dx)*? (a+bArcCos[cx])
- + +

25 ¢ 5d

12 b d*/2 E1lipticE|[ArcSin| 3%*_(1‘@] , -1 12bd¥2EllipticF[Arcsin[ L], 1]

25 C5/2 25 CS/Z
Result (type 4, 107 leaves):

1
—————2d+dx |cxvV-cx |[5acx-2b+/1-c?x® +5bcxArcCos[cx]
25¢c2+/-cx

6 i bEllipticE i ArcSinh[+/-cx |, -1] +6 i bEllipticF|i ArcSinh[+/-cx |, -1]]

Problem 205: Result unnecessarily involves imaginary or complex numbers.

J\/dx (a+bArcCos[cx]) dx

Optimal (type 4, 88 leaves, 4 steps):

S4bydx V1-c2x . 2 (dx)?? (a+bArcCos[cx]) 4b\/?EllipticF[Ar‘cSin{@\\ﬁdd£}, -1]

+

9c 3d 9 c3/2

Result (type 4, 113 leaves):

2 2b+1-c?x?
—4dx [3ax-——+3bxArcCos[cXx] -
9 C

1
2ib |- [1--1 WEllipticF[jAPcSinh[%], -1]

V1-c?x?

Problem 206: Result unnecessarily involves imaginary or complex numbers.

a+bArcCos[cx]
j dx

A\ dx
Optimal (type 4, 89leaves, 6 steps):

2+/dx (a+bArcCos[cx])
d

4bE1lipticE [ArcSin| 3%\_11‘@} , -1]  4bEllipticF[ArcSin| %_;Q} , -1]

Ve 7 Ve

+
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Result (type 4, 76 leaves):
1

V-cx vVdx
2i bEllipticE[i ArcSinh[+/-cx |, -1] +2i bEllipticF[i ArcSinh[v/-cx |, -1])

2 X (\/—cx (a+bArcCoscx]) -

Problem 207: Result unnecessarily involves imaginary or complex numbers.

a+bArcCos[cx]
J (d X)s/z

dx

Optimal (type 4, 55leaves, 3 steps):

9 (a+bAr'cCos[cx}) 4b\/?EllipticF{Ar‘cSin{icr\_édx ]’ _1}

d /—d X d3/2
Result (type 4, 93 leaves):

c2x?

1
2ij-l cz\/l— > x3/2EllipticF[jArcSinh[iE},—1]
c VX
]+

2x |-a-bArcCos[cx
(d X)3/2 1-c?x?

Problem 208: Result unnecessarily involves imaginary or complex numbers.
Ja+bArcCos[c X]
(d X)S/Z

X

Optimal (type 4, 125leaves, 7 steps):
4bc/1-c2x2 2 (a+bArcCos[cx])

3d2+/dx 3d (dx)*?
4bc2EllipticE [ArcSin| M] , -1]  4bc?2EllipticF [ArcSin| M} , -1]
i . ES
3d5/2 3d5/2

Result (type 4, 110leaves):

1
x(—zv—cx a-2bcx~/1-c?x?® +bArcCos[cX]
3+/-cx (dx)®?

41bc*x?EllipticE[iArcSinh[v-cx |, -1] +41ibc?x?EllipticF i ArcSinh[+/-cx |, —1])

Problem 209: Result more than twice size of optimal antiderivative.

J(d x)>'? (a+bArcCos[cx])?dx
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Optimal (type 5, 109 leaves, 2 steps):
2 (dx)”? (a+bArcCos[cx])? 1

+

7d 63 d?
8bc (dx)”? (a+bArcCos[cx]) Hyper‘geometr‘icZFl[l, 2, , X2+
2" 4’ 4
16 b? c2 (d x)ll/2 HypergeometricPFQ|[ {1, %, 14—1}, {14—3, 14—5}, 2 x?]

693 d3

Result (type 5, 269 leaves):
1

6174

(dx)S/2 1764a*x +168ab |21 xArcCos[cx] + [2Xx [Vcx (-5+2c*x*+3c*x*) -5¢

xEllipticF[Ar‘cSin[ (cx)7/2+/1-c?x?

—1.-1|/

(bz (4Gamma[5} Gamma[z} (—Scx (35+9c?x?) -84+/1-c*x* (5+3c®x?) ArcCos [c x] +441 c?
4 4

3 5
x> ArcCos [c x]? + 420~/ 1 - c? x* ArcCos[c x] Hypergeometric2F1| =, 1, =, ¢2x?]| +

Ve

210\/?czrxHyper‘geometr‘icPFQ[{ > 1}, {E, Z}, c? x?]

3
4 4 4

)

3
4

5 7
x?> Gamma | = | Gamma | — ]
2] Gama[ 2

Problem 211: Result more than twice size of optimal antiderivative.
J\/dx (a+bArcCos[cx])?dx

Optimal (type 5, 109 leaves, 2 steps):
2 (dx)*? (a+bArcCos[cx])?
3d

+

8bc (dx)*? (a+bArcCos[cx]) Hyper‘geometricZFl[i, i, %, 2 x?]

15 d?
16 b% c2 (d x)7'? HypergeometricPFQ| {1, i, i}, {% 1, 2 x?

105 d3

Result (type 5, 228 leaves):
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24 b%+/1-c?x? ArcCos[cXx
dx |[18a’x+36abxArcCos[cXx] - : 1+2b2x(—8+9Ar‘cCos[cx]2>+
27 C

24abx |-vcx + (cx)*?-c x E1lipticF [ArcSin]

L -1]||/

24 b%+/1 - c?x? ArcCos[c x] Hyper‘geometr‘ic2F1[i, 1, 2, c? xz}
(cx)3/? 17c2x2)+ 4 4 N
C

Vex

3\5b2ﬁxHypergeometr‘icPFQHi, » 1, {i, i}, c2 x?]

Gamma | fﬂ Gamma [ 7]

3
4
7
4

Problem 214: Result more than twice size of optimal antiderivative.

dx

J(a+ b ArcCos[c X] )2
(dx)52

Optimal (type 5, 109 leaves, 2 steps):

2 (a+bArcCos[cx])? 8bc (a+bArcCos[cx]) Hypergeometric2F1 —i, %, , €2 x?]

- + +

3d (dx)*? 3d2+/dx
16 b2 c2+/d x Hyper‘geometricPFQHi, i, 1}, {i, i}, c? x?]

B jw

3d3

Result (type 5, 242 leaves):
1

36 (dx )S/ZGamma[ }Gamma[%]

7 9
-8 Gamma [ — | Gamma | ~ | (3a2—24b2c2x2—12abcxdl—czx2 +6abArcCos[cx] -

4 4

12b2cx+/1-c?x? ArcCos[cx] +3b?ArcCos[cx]%2-12ab (cx)3/?
EllipticE [ArcSin[vcx |, -1] +12ab (cx)?? E111pt1cF[Ar‘c51n[\/ ], -1] -

1)

4b% 3 x3+/1-c?x?* ArcCos[c x] Hypergeometric2Fi[1,

i I

a’

32 b2ctaxt Hyper‘geometr*icPFQ[{l, E}, {Z, g}, c? x?]
4 4 4

)

N,

Problem 216: Attempted integration timed out after 120 seconds.
J\/d x (a+bArcCos[cx])’dx

Optimal (type 8, 67 leaves, 1 step):
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2bcInt (d x)3? (a+bArcCos[c x])? X
2 (dx)*? (a+bArcCos[cx])? [ 1-¢2 x? x|
+

3d d

Result (type 1, 1leaves):

2P



12 | Mathematica 11.3 Integration Test Results for 5.2.2 (d x)~m (a+b arccos(c x))”~n.nb

Summary of Integration Test Results

227 integration problems

A - 212 optimal antiderivatives

B - 7 more than twice size of optimal antiderivatives
C - 6 unnecessarily complex antiderivatives

D - 1 unable tointegrate problems

E - 1integration timeouts



